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Abstract
We highlight the impact of Emil Wolf’s work on coherence and polarization on an ever increasing
amount of applications in the 21st century. We present a brief review of how partial coherence at
the level of increasing order of coherence functions is leading to evolution in the better methods
for microscopy, imaging, optical coherence tomography; speckle imaging; propagation through
random media. This evolution in our capabilities is expected to have wide ramifications in Science
and Engineering.
Keywords: partial coherence; intensity-intensity correlations; imaging; microscopy; tomography
∗ girish.agarwal@tamu.edu
† aclassen@tamu.edu
1
ar
X
iv
:2
00
1.
05
56
1v
1 
 [p
hy
sic
s.o
pti
cs
]  
15
 Ja
n 2
02
0
I. INTRODUCTION
It is a great honor and privilege to contribute this article in the memory of Emil Wolf.
We especially like to celebrate his contributions to the theory of partial coherence which
today finds wide range of applications in Physics, Engineering and Biomedical Sciences –
some of these applications involve propagation of laser fields through turbulent atmosphere,
optical image formation, medical diagnostics, optical coherence tomography, speckle imag-
ing, superresolution microscopy, and studies of disorder. In this article we would discuss the
basis for some of these applications and bring out especially the role of partial coherence
which may be either due to the source used to probe or due to the statistical fluctuations
in the medium. In the words of Emil Wolf [1]
All optical fields undergo random fluctuations. They may be small, as in the output of
many lasers, or they may be appreciably larger, as in light generated by thermal sources.
The underlying theory of fluctuating optical fields is known as coherence theory. An impor-
tant manifestation of the fluctuations is the phenomenon of partial polarization. Actually,
coherence theory deals with considerably more than fluctuations. Unlike usual treatments, it
describes optical fields in terms of observable quantities and elucidates how such quantities,
for example, the spectrum of light, change as light propagates.
Our emphasis is going to be on a whole range of observable quantities which include not
only measurements of the intensities but also a whole range of intensity-intensity correlations
of order two and higher. Most of our discussion would be based on classical fields and
sources. In a few sections we also highlight the role of coherence and its utility in the
context of quantum fields.
II. WOLF’S CLASSIC DEVELOPMENT OF THE THEORY OF PARTICAL CO-
HERENCE
Wolf’s theory of partial coherence, as developed by Wolf in the 1950’s, characterized elec-
tromagnetic radiation fields in terms of the second-order correlation function of the fields at
different space-time points (r1, t1) and (r2, t2) [1]
Γαβ(r1, t1, r2, t2) = Γαβ(r1, r2, τ) = 〈Eα(r1, t+ τ)E∗β(r2, t)〉 . (1)
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Here, the 〈 . . . 〉 denote the ensemble average over the statistical fluctuations of the fields.
Note that we have assumed that the fields are stationary and ergodic so that the correlation
function depends only on the time difference τ = t1 − t2. The fields Eα(r, t) are analytic
signals, i.e. they contain only the positive frequencies. In many applications one drops the
vector character of the field and works with the scalar fields. This is allowed as long as the
optical setup involves no change in the polarization properties of the field.
The time scale over which Γαβ(r1, r2, τ) varies significantly is called the temporal coher-
ence τc of the field. The intensity I(r) at a point can be taken as
∑
αα Γαα(r, r, 0), although
more precisely its definition would depend on the exact experimental measurement scheme.
The correlation function Γ satisfies a set of inequalities which can be derived from the posi-
tivity of the probability distributions charaterizing the statistical fluctuations of the field(s).
For instance, for a scalar field (dropping the indices α and β) the Schwarz inequality gives
|Γ(r1, r2, τ)|2 ≤ Γ(r1, r1, 0)Γ(r2, r2, 0) , (2)
which leads to the so-called normalized coherence function
γ(r1, r2, τ) =
Γ(r1, r2, τ)√
Γ(r1, r1, 0)Γ(r2, r2, 0)
, |γ| ≤ 1 . (3)
Note that sometimes throughout the manuscript the temporal or spatial coordinates, τ or
(r1, r2), respectively, will be omitted which shall represent either equal-time or equal-point
coherence/correlation functions.
An electric field can be defined to be coherent (incoherent) if |γ| → 1 (0). The significance
of γ is especially apparent in the celebrated Young’s double-slit experiment, which has been
the landmark experiment in optics as it established the wave nature of light (and later also
the field of quantum mechanics/optics by means of single-photon interference and single-
particle interference [2, 3]). The visibility of the interference fringes depends on the partial
coherence of the source (and the explicit geometry of the experimental setup and the double-
slit). Consider the setup shown in fig. 1 using a quasimonochromatic source with central
frequency ωl, leading to the electric field amplitude E(r, t) = E(r, t)e−iωlt, where E(r, t) is a
slowly varying function of t. The visibility V at a point r on the screen B is given by
V = 2
√
I1(r)I2(r)
I1(r) + I2(r)
|γ12(τ)| , τ = s2 − s1
c
. (4)
Here I1(r) and I2(r) are the respective intensities at the position r if either slit one or
slit two is open (while the other slit is closed). More precisely, the intensities read Iα(r) ∝
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FIG. 1. Young’s double-slit experiment: A quasi-monochromatic source S with lateral width ∆s
is placed in front of a double slit in a distance ∆z. An interference pattern on a screen B is visible
if the slits at R1 and R2 are located within the coherence area of the source.
〈E(Rα, t)E∗(Rα, t)〉, where Rα is the transverse coordinate in the double-slit plane. The time
difference τ arises due to different optical path lengths s1 and s2 for light to propagate from
the source S to the screen B via slit 1 and slit 2, respectively. In many cases I1 ∼ I2, leading
to V = |γ12(τ)|. Thus the visibility of the interference fringes provides a direct measurement
of the degree of partial coherence between the two electric fields scattered/diffracted by the
two slits. In addition, if the double-slit geometry and distance is known one can also infer
knowledge on the source S.
In recent literature [4] another quantity was introduced, called distinguishability D, which
is a measure of how strong the intensities at the two slits differ
D = |I1 − I2|
I1 + I2
. (5)
It can be seen from the definitions of V and D, together with the condition |γ| ≤ 1 that
V2 +D2 ≤ 1 . (6)
Extensive literature exists on this inequality, especially when a Young’s double-slit interfer-
ence experiment is performed with quantum fields – where V is associated with the wave
character and D with the particle character.
An important consequence of the analytical result of eq. (4) is that if the path difference
s2−s1 exceeds the coherence time τc of the source S, then γ → 0 and the interference fringes
disappear. Wolf further introduced the remarkable idea of interference in the spectral domain
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when interferences in the time domain do not survive. In the setup of fig. 1 one considered
a measurement of the intensity at the point r. However, now, instead of simply measuring
the intensity at position r, one would measure the spectrum S(r, ω) defined by
S(r, ω) =
1
2pi
∫ +∞
−∞
〈E(r, t+ τ)E∗(r, t)〉eiωτdτ , (7)
so that the intensity will be I(r) =
∫ +∞
−∞ S(r, ω) dω. For a fixed τc the measured spectrum
would display modulations in ω. A change in τc changes the character of the modulations.
These modulations depend on the spectral correlations between the two source points P1
and P2 (at R1 and R2), defined by
S(R1,R2, ω) =
1
2pi
∫ +∞
−∞
〈E(R1, t+ τ)E∗(R2, t)〉e+iωτdτ . (8)
James and Wolf demonstrated Young’s interference [1] with broad band light from a black
body source. Subsequently the idea of interference in frequency space led to a new field of
research with many theoretical and experimental works [5–8] and with practical applications.
Wolf discovered that the spectrum of a partially coherent source may change upon prop-
agation [1, 9]. The spectrum may show shifts, blue or red, depending on the nature of the
correlations. This discovery also opened up a new field of research and surprised many who
had no idea what partial coherence can lead to. Such spectral shifts were observed in a large
number of experiments. An analogue of Wolf shifts was found in the microscopic problem of
radiation from two trapped atoms which were separated within a wavelength of each other
[10]. In this case the quantum electrodynamic interaction [11] naturally produces correlation
between the two atoms; leading to spectral characteristics of the two atom system different
from that of a single atom. The required correlation needed for a Wolf shift for this system
is an inherent property of the quantum electrodynamic interaction.
Wolf emphasized the importance of the coherent mode decomposition of the spectral
correlation function S(R1,R2, ω)
S(R1,R2, ω) =
∑
α
Φα(R1, ω)Φ
∗
α(R2, ω)λα . (9)
The functions Φα are the coherent modes of the system for a frequency ω. The modes are
the eigenfunctions of the integral equation defined over the domain of interest∫
S(R1,R2, ω)Φα(R2, ω)dR2 = λαΦα(R1, ω) . (10)
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The hermiticity and non-negative definiteness of S ensures that the eigenvalues λα are real
and non-negative. In recent years the importance of the decomposition of eq. (9) is seen in
the context of classical entanglement which is inherently implied by the structure of eq. (9)
[12–14]
In another classic work [1, 15] Wolf formulated the polarization characteristics of partially
coherent beam-like fields in terms of a coherence matrix with entries given by the coherence
functions of the field at the same space-time point
J =
〈E∗xEx〉 〈E∗xEy〉
〈E∗yEx〉 〈E∗yEy〉
 . (11)
The degree of polarization P is given by
P =
(
1− 4 Det(J)
[Tr(J)]2
)1/2
, 0 ≤ P ≤ 1 . (12)
The passage of a partially coherent light field through an optical system can be formulated
by a series of unitary transformations on J , assuming that the optical system is not lossy.
He provided a unified treatment of coherence and polarization [16, 17]. Eberly et al. [4, 18]
included partial polarization in their study of the interference with polarized fields. With
the inclusion of polarization the inequality of eq. (6) turns into the equality
V2 +D2 = P2 . (13)
They called this equality the polarization coherence theorem [4]. This relation has strong
consequences for the wave particle duality in quantum physics [18, 19]
Although Wolf concentrated mostly on classical fields, all the second-order coherence
functions can be generalized to quantum fields, where we write the corresponding quantum
field operator as
E(r, t) = E(+)(r, t) + E(−)(r, t) , (14)
where E(+)(r, t) and E(−)(r, t) are called the positive and negative frequency parts of electric
field operator. The E(+) part plays the same role as the analytical signal in Wolf’s theory.
Since E(+) and E(−) do not commute, the quantum theory uses ordered correlations. In
most applications we measure normally ordered quantities [20]. Thus we replace eq. (1) by
Γαβ(r1, r2, τ) = 〈E(−)β (r2, t)E(+)α (r1, t+ τ)〉 , (15)
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using again scalar quantities. However, there are quantum processes like spontaneous emis-
sion which are initiated by the vacuum of the radiation field. In such cases we also need the
anti-normally ordered correlations of the form
Γ
(A)
αβ (r1, r2, τ) = 〈E(+)α (r1, t+ τ)E(−)β (r2, t)〉 , (16)
where we have added a superscript (A) to indicate this anti-normal ordering.
Wolf primarily concentrated on developments where the second-order coherence function
of two electric field amplitudes was relevant. Today, however, his insights play a major
role in many fields of optics. This includes a) optical coherence tomography (OCT), b)
intensity-intensity correlation measurements of a (chaotic) thermal light source (TLS) as
originally conducted by Hanbury Brown and Twiss (HBT) and in many modern spin-offs
to measure properties of generic scattering media or non-classical two-level atoms, c) Ghost
imaging with SPDC photon pairs or with thermal light sources, d) superresolution speckle
illumination imaging and microscopy, also combined with the analysis of higher-order inten-
sity correlations and cumulants, and e) superresolution fluorescence microscopy enabled by
intensity correlation analyses and structured illumination.
III. OCT BASED ON PARTIAL COHERENCE
One highly applied field where partial coherence plays a major role is optical coherence
tomography (OCT) [21–23]. OCT investigates discontinuities of the refractive index and
the attenuation coefficient of living tissues, mostly to identify eye diseases.
Tomography in the x-ray and gamma ray regime relies on forward projections at different
angles, i.e. on the Fourier slice theorem to obtain depth resolution. Since optical techniques
are dominated by diffraction it is not applicable there. Instead, OCT relies on the Fourier
diffraction projection theorem [24], which derives tomographic images from single back-
scattered radiation. Moreover, OCT is based on interference phenomena of light waves as
well as second-order amplitude (cross) correlation measurements. A full 3D image is obtained
by lateral scanning of a probe beam. Compared to forward projection tomography, OCT
bears some outstanding properties: 1) depth resolution is decoupled from the transverse
one, 2) high depth resolution, in the histological 1µm range, is possible, 3) high dynamic
range and sensitivity, and 4) in medical terms OCT is a non-invasive technique that yields
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FIG. 2. Standard OCT scheme based on a low time-coherence Michelson interferometer (LCI).
in vivo data [21].
Initially, OCT techniques were based on low time-coherence Michelson interferometry
(LCI), where depth-scans are performed in the time domain. A schematic illustration is
provided in Fig. 2. The figure of merit for OCT is the second-order cross-correlation function
between the sample wave amplitude VS and the reference wave amplitude VR
ΓSR(τ) = 〈V ∗S (t)VR(t+ τ)〉 , (17)
for some time delay τ . For τ = 0, the average measured intensity reads I¯ = 〈I(t)〉 =
〈V ∗(t)V (t+ τ)〉τ=0, with V = VS(t) + VR(t+ τ). After introducing an adjustable time delay
∆t = 2∆z/c (see Fig. 2) the measured intensity becomes
I(∆t) = I¯S + I¯R +GSR(∆t) (18)
with the interferogram
GSR(∆t) = 2
√
I¯S I¯R|γSR(∆t)| cos(αSR − δSR(∆t)) . (19)
Here, αSR is some constant phase and δSR(∆t) = 2piν¯∆t. Then, to obtain the complex-
valued ΓSR(τ) of eq. (17), i.e. the sough-after OCT signal, the real-valued GSR(∆t) needs
to be Hilbert transformed. In the experiment GSR(∆t) is proportional to the measured
photodiode (heterodyne) signal; for further details see [21]. Finally, it is helpful to use
spectral relations, which are obtained with the help of the Wiener-Khintchine theorem,
leading to the spectral interference law
S(ν,∆t) = SS(ν) + SR(ν) + 2Re[WSR(ν)] cos(2piν∆t) , (20)
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with WSR(ν) = FT{ΓSR(∆t)} being the so-called cross-spectral density function.
Modulations of GSR(∆t) only occur due to back-scattering from sample features within a
limited axial range corresponding to ∆t ≤ τc, where τc is the coherence time of the utilized
light source, which is assumed to have a Gaussian envelope. In time-domain OCT the depth
resolution hence becomes
cτc ∼ ∆zFWHM = 2 ln(2)
pi
λ¯2
∆λFWHM
, (21)
with the mean wavelength λ¯ and the bandwidth ∆λFWHM. It is thus imperative to use a
broad-band low-coherence beam.
Another field, comprises so-called Fourier-domain OCT techniques [21]. This includes
spectral interferometry approaches. For monochromatic light of wavelength λ1 the approach
equals well-known coherent scattering methods, where a (scalar) scattering potential V (R)
produces the scattered wave
Eout(q) ∼ e
ikr
r
∫
V (R) exp(−iq ·R)Ein(R) d3R (22)
in first-order Born approximation. Note that the illumination is often described as a simple
plane wave with envelope Ein(R) = const. The measured quantity Eout(q) ∼ f(q) represents
the Fourier amplitudes of the object, with q = kin − kout being the momentum transfer
vector. In contrast to crystallography, where the entire Ewald sphere is measured (i.e. a
2D manifold in 3D Fourier space, see Fig. 3), in Fourier OCT only the back-scattered
radiation with kout = −kin is recorded, and thus only f(q) = f(−2kin). To obtain useful
information more axial Fourier components are required. Towards that, the process can be
repeated with another wavelength λ2 [25], as illustrated in Fig. 3. Ideally the entire range
between the points B1 and B2 in Fourier space is accessed by use of a broad band spectrum.
Experimentally this is achieved by wavelength tuning or spectral interferometry techniques.
The Fourier transform of the recorded cross-spectral intensity provides the sought-after
interferogram of eq. (19). In contrast to time-domain techniques only the lateral OCT
scanning procedure remains. The disadvantages are the neccessary detector array (camera)
and the smaller dynamic range.
Other generalizations of OCT include speckle-illumination LCI, since Speckle has become
a very useful phenomenon for a series of measurement techniques [26, 27]. In this case the
intensity correlations (see section below for definition) can be obtained from the amplitude
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FIG. 3. Ewald sphere constructions for wavelengths λ1 and λ2. Back-scattering in real space for
the two wavelengths is represented by the two points B1 and B2 in Fourier space.
correlation Γ(τ) by [28]
〈I(t)I(t+ τ)〉 = 〈I(t)〉2[1 + |Γ(τ)|2] . (23)
The temporal coherence length τc of the speckle intensity fluctuations leads to intrinsic
depth resolution [similar to eq. (21)]. Another approach, beyond the linear optics regime,
is based on SPDC and two-photon interferometry, and has shown the potential to have still
higher sensitivities and two-fold enhanced depth resolutions. Moreover, a cancellation of
dispersion can be achieved [29]. Additional Functional OCT techniques include polarization-
sensitive OCT, where differences in the polarization state of the emerging light allows for the
discrimination of different types of tissues [22]. Here, the Jones matrix formalism of eq. (11)
can be utilized. Even other techniques include Doppler OCT, enabling real-time images
of in vivo blood flow in human skin by use of the Doppler effect [30], or a combination of
Fourier and Doppler OCT which provides high phase stability and speed.
IV. ROLE OF PARTIAL COHERENCE IN HBT-LIKE MEASUREMENTS
In what follows we transition to the topic of (spatial) intensity-intensity correlations
measurements where the fields to be correlated shall emanate from (classical) incoherent
thermal light sources (TLS) such as stars. A quantum mechanical view point and correlations
of light fields from non-classical sources will be discussed in section V. In 1956, Hanbury
Brown and Twiss (HBT) [31, 32] realized that the geometry of a single star, or even a double-
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star system, can be inferred from its incoherent starlight, not by means of an elaborate
interferometry setup (e.g. Michelson), but simply by use of intensity-intensity correlations.
While it is well-known that the (mean) intensity in the far field of an incoherent TLS
geometry is a constant I(r) = I0 = const., it turns out that the respective equal-time
spatial second-order intensity correlations function reads
G(2)(r1, r2, τ = 0) ≡ 〈E(−)(r1, t)E(−)(r2, t)E(+)(r2, t)E(+)(r1, t)〉
= 〈I(r1)I(r2)〉 = I20 + |Γ(r1, r2)|2 .
(24)
with Γ(r1, r2) being the second-order field correlation function of eq. (15). The above iden-
tification of the four-electric field product as the two-intensity product is, of course, only
strictly valid for classical light fields and is also known as the Siegert relation [33]. The result
can explicitly be derived via the Gaussian moment theorem [16], since electric fields of ther-
mal nature can be described by Gaussian random processes in phase-space with zero-mean
expectation value 〈E(−)(rj)〉 = 〈E(+)(rj)〉 = 0. In the normalized form eq. (24) becomes
g(2)(r1, r2) =
G(2)(r1, r2)
Γ(r1, r1)Γ(r2, r2)
, g(2)(r1, r2) = 1 + |γ(r1, r2)|2 , (25)
For TLS γ can be calculated by means of the van Cittert-Zernicke theorem to be the (nor-
malized) Fourier transform of the incoherent intensity distribution I(R) in the object plane
γ(r1, r2) =
∫
I(R)e−ik[(u2−u1)R]d2R∫
I(R)d2R
, (26)
where uj (j = 1, 2) denotes the unit vector pointing from the origin to the point rj.
For an incoherent light field |γ(r, r)| = 1 such that structural information carried by the
electric fields is not preserved when measuring the (mean) intensity across the detection
plane. By contrast, g(2)(r1, r2) accesses the amplitude information of γ(r1, r2), while the
phase information is lost. Aside from the offset of +1, the result is equivalent to coherent
diffraction when measuring the intensity I(q) ∼ |Eout(q)|2 ∼ |f(q)|2. While the amplitude
information of f(q) is accessed, the phase information which is equally required for the
inversion of eq. (22) is lost. A fact and obstacle that is well-known in x-ray crystallography
as the phase problem, and was taken up by Wolf in his later years [34].
In recent years the field of HBT intensity interferometry has been generalized to the
measurement of higher-order intensity correlations. For instance, it has been predicted that
superresolving imaging of equidistant 1D arrays of TLS, but later also arbitrary 2D TLS
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geometries, can be achieved through the analysis of higher-order correlations [35–38], both
in the optical and in the x-ray regime [38, 39]. Moreover, HBT-like intensity correlation
measurements have been connected to the phenomenon of Dicke super- and subradiance
[40–44], and even to the generation of N00N -like interferences from two TLS [45]. Other
approaches consider the measurement of triplet correlations to gain direct access to phase
information (at least to a certain degree) [46, 47]. Moreover, correlation analysis has become
a widespread tool in various fields of physics, ranging from stellar interferometry to nuclear
collisions [48, 49].
Aside from spatial correlations, the analysis of temporal correlations is of equal interest
[see, for instance, eq. (23)]. The temporal intensity correlation function for quantum fields
reads
G(2)(τ) = 〈E(−)(t)E(−)(t+ τ)E(+)(t+ τ)E(+)(t)〉 ≈ 〈I(t)〉2[1 + |Γ(τ)|2] , (27)
where the last transformation is again valid only for chaotic light fields and Γ(τ) is defined
by eq. (15). The normalized version g(2)(τ) reports on the photon statistics of a classical
or quantum light source, and more precisely on it’s temporal variance/fluctuations. For a
perfect laser g(2)(τ) = 1, meaning the photon stream is completely uncorrelated at all times.
For a TLS g(2)(τ  τc) = 2, with τc being the second-order coherence time of the light field.
A TLS thus expresses photon bunching, that is a two-fold enhanced probability for a photon
to arrive on the detector right after the previous one. For large time differences, however, the
photons are uncorrelated g(2)(τ  τc) = 1. Beyond the realm of classical optics g(2)(τ) < 1
can be found. This peculiar quantum feature is known as antibunching and possesses no
classical analogue. The light from a single two-level atom fulfills g(2)(τ < τc) < 1 since the
atom can only emit a single photon at once. The most general approach would be to look
at the spatio-temporal correlation function g(2)(r1, r2, τ) = 1 + |γ(r1, r2, τ)|2 [1]. This g(2)
function has a simple structure for Gaussian fluctuations and hence precise measurements
of deviations can provide information on the non-Gaussian nature of fluctuations. The
full non-Gaussian character can, however, be revealed only by the study of higher-order
correlations.
Intensity interferometry measurements also form the basis for a plethora of methods
that investigate properties of generic media that can be described as a scattering potential
V = V (R, t) in eq. (22). A schematic illustration of the idea is given in Fig. 4. A (coher-
ent) light field illuminates/probes an unknown medium. The light fields are modified and
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FIG. 4. Schematic of light scattering by a generic medium or sample under investigation. The infor-
mation about the medium is obtained from the study of the intensity and the intensity correlations
of different orders.
scattered, and afterward evaluated by means of g(2)(r1, r2, τ) measurements. Given previ-
ous assumptions, the functional form of g(2) allows to infer various attributes of the media.
Additionally the spatial and/or temporal coherence of the input probe field can be varied
to study scattering from isolated areas, i.e. assuming Ein = Ein(R, t) in eq. (22). A list
of common techniques includes dynamic light scattering (DLS), x-ray photon correlation
spectroscopy (XPCS), fluorescence correlation spectroscopy (FCS), laser speckle correlation
imaging (LSCI), time-domain diffuse correlation spectroscopy (TD-DCS), low-coherence en-
hanced back-scattering (LEBS) [50], imaging through turbid media [51, 52], and many more.
For instance, g(2) can provide information on the dynamics of density fluctuations within
ultracold atom clouds [53]. All these works and methods clearly demonstrate the distinct
advantage of using partial spatial coherence of the source.
V. HBT AS TWO-PHOTON INTERFERENCE ANDCORRELATIONS OF LIGHT
FIELDS FROM NON-CLASSICAL SOURCES
The results from section IV can equally be interpreted in terms of two- and multi-photon
interference within the quantum path formalism [3, 54, 55]. While interference of light
fields from incoherent TLS can be modeled by classical wave theory alone, this approach
enables the exact calculation of correlation functions for non-classical light fields. The
resulting expressions and modulations can be interpreted as superpositions of i) different
and distinguishable multi-photon quantum paths, or ii) different, yet indistinguishable multi-
photon quantum paths, weighted by the applicable quantum statistics.
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FIG. 5. Two-photon coincidence detection scheme for N = 2 point-like sources. The sources A
and B are located at positions Rl (l = A,B) along the x−axis with separation d. m = 2 detectors
Dj located at rj (j = 1, 2) in the x− z plane measure the second-order correlation function.
FIG. 6. Two-photon quantum paths for two statistically independent light sources and two detec-
tors. (a) shows the possible quantum paths for two independent atoms denoted by (I) and (II). For
two TLS shown in (b) two additional quantum paths (III) and (IV) have to be taken into account,
which lead to a constant offset.
To elucidate the approach let us consider the paradigmatic setup depicted in Fig. 5, where
two detectors in the far field measure the intensity-correlation function of two point-like
emitters. The valid two-photon quantum paths leading to a coincident detection event are
depicted in Fig. 6. If source A and B each emit a single photon, there are two possible, yet
indistinguishable two-photon quantum paths [(I) and (II) in Fig. 6(a)] for the two-photon
quantum state to propagate from the two sources in the object plane to the two detectors
in the far field, to induce a coincident click event. For two atoms these are the only valid
quantum paths. For classical light sources the additional quantum paths (III) and (IV) exist,
where either source A emitted two photons or source B emitted two photons, respectively
[see the blue box in Fig. 6(b)]. Since the initial and final states are distinguishable here they
merely add a constant offset to the signal [see e.g. eq. (25)]
Within the quantum mechanical formalism, the ratio of spontaneous emission by two-
14
level atoms in the excited state is directly determined by the correlation function of eq. (16).
Coupling the atomic raising s+i and lowering s
−
i operators of each atom at Position Ri to
the photonic annihilation and creation operators, respectively, γ becomes [11]
γ(r1, r2) =
1
〈I(r, t)〉
∑
i,j
〈s+i s−j 〉eik(n1Ri−n2Rj) =
1
I0
∑
i
〈s+i s−i 〉eik(n1−n2)Ri , (28)
where n1 and n2 again are the unit vectors pointing toward the directions of the detectors
in the far field. Note that we assumed no dipole-dipole interactions between the atoms, nor
any other coherences 〈s+i s−j 〉 6= 0, induced e.g. by coherent driving [56–58]. The 〈ni〉 =
〈s+i s−i 〉 ≤ 1 denote the average population per atom, and q ≡ k(n1 − n2) can be identified
as the momentum transfer vector (cf. Fig. 3).
In section IV we learned that for classical light fields the g(2) function relates to γ via
the Siegert relation of eq. (25), and thus to the TLS geometry encoded in the (classical)
interference patterns. Recently it was shown that a very similar relationship holds true for
the g(2)(r1, r2) function of a 3D ensemble of N equal but independent single two-level atoms.
It can be expressed in terms of γ(r1, r2) as [39]
g(2)(r1, r2) = 1− 2
N
+ |γ(r1, r2)|2 . (29)
The difference compared to eq. (25) is the −2/N summand, which arises from the non-
classical statistics of atoms. Note that for N = 1, |γ| = 1 and the equal-time g(2) function is
zero as expected from the antibunching property for a single atom. For large N , g(2) becomes
equivalent to a thermal source which is reminiscent of results from the central limit theorem
of probability theory. Considering an array of independent lasers with Poisson statistics
would yield the summand −1/N . The different summands are the result of the different
moments 〈aˆ†i aˆ†i aˆiaˆi〉atom = 0, 〈aˆ†i aˆ†i aˆiaˆi〉Coh = n¯2i and 〈aˆ†i aˆ†i aˆiaˆi〉TLS = 2!n¯2i . The structural
information from the intensity correlation function is however contained within the classical
γ. In some sense, it can thus be argued that Wolf’s theory of partial coherence already
anticipated results of two-photon interference, while treating all electric fields fully classical.
VI. GHOST IMAGING WITH THERMAL SOURCES
Ghost imaging (GI) is a technique that makes use of spatially correlated twin beams. It
correlates the outputs from two photodetectors to form the image of an unknown object.
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FIG. 7. The images produced by a GI system (a) based on spontaneous parametric down-conversion
(SPDC) are equivalent to those that could be produced by a classical imaging system (b), albeit
the GI system has a different time sequence of events. Schematic adopted from [65].
Notably, the imaging resolution is provided by the beam that never interacted with the
object. A schematic illustration is given in Fig. 7(a). The first step is to create spatially cor-
related beams or photon pairs. In the original approach a non-linear crystal for spontaneous
parametric down-conversion (SPDC) was utilized [59, 60]. The object beam illuminates the
object, while a bucket detector collects the entire light that passes through. The imaging
beam (which is correlated to the object beam), is measured by a high-spatial-resolution
detector, i.e. a scanning pinhole or a pixelated CCD camera [61]. Evaluating the spatial in-
tensity correlation function between the two signals yields the image of the object. Initially
assumed to be purely quantum, it was later realized that GI can equally be conducted with
classically correlated twin beams. As such, GI with a chaotic thermal light field, split into
two identical copies, was presented [62–64]. Aside from an offset, the measured correlation
functions provide the same results. The imaging resolution and visibility are determined by
the size of the speckle grains in the object plane and its feature complexity.
In other variants, such as Fourier-plane GI, the measured correlation might also repre-
sent the Fourier spectrum of the object. To understand the GI image formation process
in a simple way it is helpful to consider the schematic illustration Fig. 7(b). Replace the
bucket detector by a light source that illuminates the object from behind. Light propagating
through or scattered by the object reaches the crystal surface which now acts as a simple
mirror. The reflected light propagates through the imaging arm, where it might be manipu-
lated by lenses. Finally the intensity is measured on the CCD camera, in lieu of the intensity
correlation. Simple principles of light propagation and Fourier optics allow to calculate the
16
image on the camera. The crucial aspect is to understand that here the mirror mimics the
position and momentum correlation between the twin beams.
Another variant, known as computational GI, removes the need for the imaging arm
and the spatially resolving CCD detector. Here, instead of using chaotically fluctuating
twin beams, the phase front of a (coherent) beam is willingly and knowingly modified by
a spatial light modulator (SLD) into many (orthogonal) variations. Since the action of the
SLD on the light field is known, there is no need to monitor it with the CCD camera in the
imaging arm. A variation of this approach, which inverts the position of the light source
and the bucket detector (and thus the flow of light) is called single-pixel camera [65]. Very
recently optical GI techniques were also taken up by the x-ray community [66, 67].
Structured coherence or illumination is another means to enhance the performance. In
a typical Fourier GI setup the Fourier transform magnitudes are measured. The phase
information is however lost. Recently a tomographic procedure was introduced in which the
correlation properties of a medium were retrieved by illuminating it with an incident beam
of adjustable coherence properties while recording the scattered intensity [68, 69]. Using a
similar approach in Fourier GI with chaotic thermal light, it was shown that both amplitude
and phase information can be accessed [70]. Let us consider a modulated intensity pattern
across the incoherent TLS [i.e. across the mirror plane in Fig. 7(b)]
IS(x) ∼ 1 +m cos(kx/f · lm − φ) , (30)
with modulation visibility m, and an adjustable phase term φ. The fringe spacing is deter-
mined by the vector lm. The coherence function then becomes
Γ(r, r′) = g(∆r) +
m
2
exp(iφ)g(∆r− lm) + m
2
exp(−iφ)g(∆r + lm) , (31)
where ∆r = r − r′ and g(∆r) is an envelope function that relates to the transverse co-
herence length. i.e. the speckle size. The coherence function Γ leads to a G(2) corre-
lation function that carries the sought-after information. Measuring it for different phases
φ = −pi/2, 0, pi/2, pi creates a linear system of equations which allows to extract said informa-
tion. This technique is particularly attractive for x-ray diffraction because of the incoherence
of most x-ray sources and the difficulty of fabricating lenses for such short wavelengths [70].
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VII. SPECKLE ILLUMINATION IMAGING – ADVANTAGES OF INTENSITY-
INTENSITY CORRELATIONS
One interesting approach of using partially coherent light is speckle illumination for (co-
herent) imaging and microscopy [71, 72]. A coherent laser is spatially and temporally ran-
domized (see Fig. 8) by use of a rotating ground glass (GG) or by propagation through a
random turbid medium. The speed of temporal variation determines the temporal coherence
time, while the laser spot size on the GG, and other experimental parameters, determine
the speckle grain size of the spatially randomized field at the plane of the object. The
conjunction of both effects creates a so-called pseudo thermal light field.
Using a plane-wave coherent (laser) illumination and a lens-based imaging system to im-
age the features of a transmission object, the resolution is limited by diffraction to around
∆x ≈ λ/A, withA the numerical aperture of the imaging system. Note that there is approxi-
mately a factor of two difference compared to the well-known Rayleigh limit ∆x ≈ 0.61λ/A
for incoherent/fluorescence imaging, which arises from the fact that for coherent electric
fields the imaging point-spread-function (PSF) is given by hel(x) = 2J1(x)/x, whereas the
intensity PSF for intrinsically incoherent signals reads hint(x) = (2J1(x)/x)
2.
Mutual incoherence of object features thus already provides a resolution enhancement
over coherent imaging. Speckle illumination with a small grain size, i.e. with a small
transverse coherence length, achieves this goal, as has recently been demonstrated by Oh
et al. [71]. See also the different resolutions in the images Fig. 8(e) and Fig. 9(a). The
effect can further be boosted via an (image plane) intensity auto-correlation analysis of a
temporal sequence of such speckle illumination patterns. The fundamental principle behind
this additional boost lies in the fact that super-Poissonian bunching statistics only occurs
within the limited range of one speckle grain size. Positive correlations between different
areas of the speckle field do not exist. After some computational post-processing [71, 72] the
new effective PSF becomes heff(x) ≈ hint(x)2 = (2J1(x)/x)4, which equals a direct reduction
of the FWHM of the PSF by a factor of
√
2. Including deconvolution, i.e. making use of the
full spatial frequency spectrum carried by heff(x), the resolution can be enhanced two-fold
in total.
Second-order correlations analysis, as already extensively used in imaging applications,
moderately enhances the resolution. A theoretical analysis conducted by Fu Li et al. [72]
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FIG. 8. The experimental setup. (a) The laser incident on a rotating ground glass (GG) generates
speckled light. The light transmitting through the mask (M) and iris is collected by the camera
(CMOS) with a lens (L) f=150mm. Here, distance d′ = d = 300mm. (b) Several image frames are
recorded to compute the high order correlation images. (c) A pixel’s temporal intensity fluctuation.
(d) The mask object, notably four dots. (e) Laser illumination intensity (Int.) imaging without
Ground Glass (GG), for which the image of the four dots is blurred since the Rayleigh limit is
twice the distance of the dot separation [72].
shows, however, that significantly improved imaging resolutions can be achieved via the
study of increasingly higher order intensity correlations. Especially the evaluation of so-
called cumulants of the speckle field illumination provides enhancements well beyond the
Rayleigh limit. Recently experimental evidence was provided with up to 20th-order corre-
lations and cumulants. The experimental details are depicted in depicted schematically in
Fig. 8, where an opaque mask with four circular holes was imaged by use of an lens-based
imaging system. For coherent illumination the holes are not resolved and the entire structure
is skewed [see Fig. 8(e)]. Utilizing speckle illumination and (average) intensity measurement
leads to the better resolved structure of Fig. 9(a). Nonetheless the individual features are still
smeared out beyond recognition. Only when utilizing the higher-order correlations [Fig. 9(b)
and (c)] the structure of hole mask is well-resolved.
An interesting extension of this method would be in the imaging of gray objects. The
results indicate the capability of higher-order intensity cumulants in super-resolution ap-
plications where speckles are used. This method widens the possibilities for high order
correlation imaging specifically for uses in bio-imaging and astronomy. In biomedical optics,
one of standard imaging methods is laser speckle contrast imaging (LSCI), which is based
on the 2nd-order correlation [73–77]
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FIG. 9. Comparison of traditional intensity imaging and high order moment imaging. (a) The
average intensity (Avg.) imaging of speckle illumination, and the images reconstructed by the
12th, 20th order central moment (b, c). (d) The contrast comparison from images of different
orders by summing two rows of pixels that are centered with the holes. (f) The visibility and
standard deviation as a function of the moment orders computed by using the different frame
numbers [72].
Another interesting approach of using speckle illumination along with intensity corre-
lations can be found in fluorescence microscopy. Here, Cho et al. [78] showed that su-
perresolution microscopy can be achieved with a practical enhancement factor of 1.6 over
conventional widefield microscopy (when including deconvolution). Note that the difference
to the approaches described in the above paragraphs lies in the incoherent response of fluo-
rophores to a given illumination. The varying speckle illumination thus induces chaotic and
independent intensity fluctuations of the fluorescence emission of fluorophores separated by
more than one speckle size.
VIII. SUPERRESOLUTION MICROSCOPY VIA INTENSITY CORRELATIONS
AND STRUCTURED ILLUMINATION
The previous section described speckle illumination to introduce random and independent
fluctuations for imaging purposes. Yet, intrinsic properties of the fluorophores can equally
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be utilized for superresolution microscopy. For these intensity correlation microscopy (ICM)
techniques, statistically blinking fluorophores [79] or quantum emitters that exhibit anti-
bunching [80] can be used to enhance the resolution. Especially the first approach, known
as super-resolution optical fluctuation imaging (SOFI) [79], is widely used in microscopy.
In mathematical terms the explicit form of the (final) ICM signal, considering mth-order
correlations, reads
ICMm(r) =
N∑
i=1
h(r− ri)m , (32)
where the effective PSF becomes heff(r) = h(r)
m. That is, the original PSF is taken to
the mth power and thus directly shrunk by the factor
√
m. Including deconvolution the
resolution can be enhanced up to m-fold.
Another important application of structured coherence fields is (superresolution) struc-
tured illumination microscopy (SIM) [81, 82]. Here, a dense illumination pattern of the
form Istr(x) = 1 + cos(k0x + ϕ) illuminates an object stained with fluorophores, where k0
is spatial frequency of the standing wave pattern and ϕ is an adjustable phase. The fluo-
rescence response imaged onto the detector is thus modulated by this pattern. Due to the
moire´ effect, the vector k0 mixes with the object’s spatial frequencies and encodes informa-
tion from outside the original OTF support, defined by H(k) = FT{h(r)}. Taking a set of
linearly independent images and post-processing allows for the retrieval of this information.
The value k0 should be maximized to reach the highest resolution and can reach k0 = kmax
within linear wave optics, thus enabling only a two-fold enhanced resolution. Nonetheless,
the SIM toolbox is considered one of the most powerful and versatile superresolution tech-
niques, due to its combination of resolution improvement with good acquisition speed and
flexibility of use [83]. The mathematical description of SIM reads
SIM(r) = h(r) ∗ [n(r)× Istr(r, α, ϕ)] =
N∑
i=1
h(r− ri)× Istr(ri, α, ϕ) . (33)
with the fluorophore distribution n(r) (which here is assumed to be a sum of point-like delta
peaks) and the orientation of the structured pattern α. Saturated SIM enhances the reso-
lution further by introducing higher harmonics of cos(k0x) trough a non-linear fluorophore
response, though at the cost of requiring high intensities [84].
To remain within the linear regime either plasmonic illumination can come to the rescue
[86], or as very recently proposed, the analysis of intensity correlations [87]. Only recently it
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FIG. 10. The figure shows (a) an object consisting of three emitters at positions r1 =
(−0.16, 0.16, 0.05), r2 = (0.26,−0.26, 0.57) and r3 = (0.26,−0.26, 0.68) (in units of ∆ρmin) and
(b) the 3D PSF utilized in the simulation. The images (c) - (i) are obtained by the methods (c)
widefield microscopy, (d) second-order ICM, (e) second-order ICM + Deconvolution, (f) 3D-SIM,
(g) 16th-order ICM, (h) fourth-order ICM + Deconvolution, and (i) second-order 3D-SI-ICM [85].
was realized that SIM and ICM can fruitfully be combined to enhance the lateral resolution
of each technique further [87]. The same approach holds true for the axial resolution when
using 3D-SIM [88], thus enabling full 3D deep subwavelength resolutions, merely through
application of linear optics [85]. In SI-ICM the structured illumination encodes information
from outside the original OTF support and the correlation analysis raises all signals to the
mth power. In mathematical terms the outlined procedure corresponds to a combination of
Eqs. (33) and (32) which results in
SI-ICMm(r) =
N∑
i=1
h(r− ri)m × Istr(ri, α, ϕ)m . (34)
Now, higher harmonics up to cos(mk0r) with frequency shifts ±mk0 arise, and the individual
OTFs Hm(k) = FT{h(r)m} is enlarged by the factor m (when including deconvolution). For
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correlation order m the total resolution enhancement thus reaches values of m+m = 2m. To
verify the theoretical predictions a basic simulation was conducted. The results are shown
in Fig. 10 and are in good agreement with the theory.
Further enhancements of the axial resolution can be achieved by combining SI-ICM with
the double-objective 3D-SIM technique known as I5S [89]. The three added coherent beams
from the second objective lead to very fast axial modulations and the axial OTF would be
enlarged as in 4Pi- and I5-microscopy [90, 91]. Another promising route may be to combine
SI-ICM with plasmonic SIM techniques [86, 92]. Even though these techniques are limited
to 2D, they allow for spatial frequencies k0 > kmax of the standing wave pattern. In linear
plasmonic SIM k0 = 2kmax should not be exceeded to prevent gaps in the OTF support
[86]. SI-ICM, however, would highly benefit from spatial frequencies k0 > 2kmax since
the enlarged OTF Hm(k) prevents an early formation of gaps and the higher harmonics
cos(mk0r) would reach out to very far.
Finally, we point out that a first experiment that relies on the SI-ICM principle, while in
a confocal microscopy setting, was recently demonstrated by Tenne et al. [93]. In the paper
the authors combine image scanning microscopy (which can be regarded as a confocal SIM
variant [83]) with the evaluation of quantum correlations by making use of antibunching
of individual quantum dots. While their setting is different from the widefield microscopy
setup discussed here it delivers a first cornerstone towards real applications.
IX. CONCLUSION
In this review we illuminated the original derivation of the theory of partial coherence
by Wolf. Thereafter we discussed a wide range of applications where his theory plays a
crucial role today, and in general how Wolf’s contributions have been transformative to
the field of optics. This involves applications of laser field propagation through turbulent
atmosphere, optical image formation, medical diagnostics, optical coherence tomography,
speckle imaging, superresolution microscopy, and studies of disorder via intensity-intensity
correlation measurements. While most aspects have been examined from a classical point of
view, the few detours to the realm of quantum optical aspects and techniques equally show
the importance of the theory of partial coherence for these fields.
A Personal Note from G. S. Agarwal: I was privileged to be a graduate student of Emil
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FIG. 11. Emil Wolf with Girish Agarwal. Left: Wolf Listening carefully. Right: Happy Wolf before
Lecture at Physical Research Laboratory in India
in the late sixties and later a collaborator on many important issues in classical optics.
More than a collaborator I learnt something new every time I met Emil over a period of
50 years. In fact whenever I visited him, he would tell me that he had several problems
for me. He would have a stack of colored folders each with a different problem. I always
admired his originality (Fig. 11). He would look into issues which have become our accepted
knowledge and would come up with exceptional questions and new insights. It was through
my association with Emil that I started admiring the beauty and strength of classical optics.
He especially got me interested in the scattering of electromagnetic waves, a subject which
I still find useful in my research today.
A. C. acknowledges support from the Alexander von Humboldt Foundation in the frame-
work of a Feodor Lynen Research Fellowship. We acknowledge support from the Welch
Foundation (Award number: A-1943-20180324). We further would like to thank Joachim
von Zanthier for the long standing collaboration on higher-order intensity correlations.
[1] Max Born and Emil Wolf, Principles of Optics, 7th ed. (Cambridge University Press, 1999).
[2] Roger Bach, Damian Pope, Sy-Hwang Liou, and Herman Batelaan, “Controlled double-slit
electron diffraction,” New J. Phys. 15, 033018 (2013).
[3] R. Feynman, R.B Leighton, and M.L. Sands, The Feynman Lectures on Physics: Quantum
24
Mechanics (Vol. 3, Chapter 1, Addison-Wesley, Reading, MA, 1965).
[4] J. H. Eberly, X.-F. Qian, and A. N. Vamivakas, “Polarization coherence theorem,” Optica 4,
1113–1114 (2017).
[5] Daniel F. V. James and Emil Wolf, “Spectral changes produced in young’s interference exper-
iment,” Opt. Commun. 81, 150 – 154 (1991).
[6] Girish S. Agarwal and Daniel F. V. James, “Spectral changes in the mach-zehnder interfer-
ometer,” J. Mod. Opt. 40, 1431–1436 (1993).
[7] V. Nirmal Kumar and D. Narayana Rao, “Two-beam interference experiments in the frequen-
cydomain to measure the complex degree of spectral coherence,” J. Mod. Opt. 48, 1455–1465
(2001).
[8] X. Y. Zou, T. P. Grayson, and L. Mandel, “Observation of quantum interference effects in
the frequency domain,” Phys. Rev. Lett. 69, 3041–3044 (1992).
[9] Emil Wolf, “Invariance of the spectrum of light on propagation,” Phys. Rev. Lett. 56, 1370–
1372 (1986).
[10] G. V. Varada and G. S. Agarwal, “Two-photon resonance induced by the dipole-dipole inter-
action,” Phys. Rev. A 45, 6721–6729 (1992).
[11] G. S. Agarwal, Quantum Optics (Cambridge University Press, 2012).
[12] G. S. Agarwal and J. Banerji, “Spatial coherence and information entropy in optical vortex
fields,” Opt. Lett. 27, 800–802 (2002).
[13] Kumel H. Kagalwala, Giovanni Di Giuseppe, Ayman F. Abouraddy, and Bahaa E. A. Saleh,
“Bell’s measure in classical optical coherence,” Nat. Photonics 7, 72–78 (2013).
[14] Xiao-Feng Qian and J. H. Eberly, “Entanglement and classical polarization states,” Opt. Lett.
36, 4110–4112 (2011).
[15] E. Wolf, “Coherence properties of partially polarized electromagnetic radiation,” Il Nuovo
Cimento (1955-1965) 13, 1165–1181 (1959).
[16] L. Mandel and E. Wolf, Optical Coherence and Quantum Optics (Cambridge University Press,
1995).
[17] Emil Wolf, “Unified theory of coherence and polarization of random electromagnetic beams,”
Physics Letters A 312, 263 – 267 (2003).
[18] X.-F. Qian, A. N. Vamivakas, and J. H. Eberly, “Entanglement limits duality and vice versa,”
Optica 5, 942–947 (2018).
25
[19] F. De Zela, “Hidden coherences and two-state systems,” Optica 5, 243–250 (2018).
[20] Roy J. Glauber, “The quantum theory of optical coherence,” Phys. Rev. 130, 2529–2539
(1963).
[21] A F Fercher, W Drexler, C K Hitzenberger, and T Lasser, “Optical coherence tomography -
principles and applications,” Rep. Prog. Phys. 66, 239–303 (2003).
[22] B. H. Park and J. F. de Boer, “Polarization Sensitive Optical Coherence Tomography,” in Op-
tical Coherence Tomography , edited by W. Drexler and J. G. Fujimoto (Springer International
Publishing Switzerland, 2015) p. 1055.
[23] Christoph K. Hitzenberger, “Optical coherence tomography in optics express [invited],” Opt.
Express 26, 24240–24259 (2018).
[24] Emil Wolf, “Three-dimensional structure determination of semi-transparent objects from holo-
graphic data,” Opt. Commun. 1, 153 – 156 (1969).
[25] G S Agarwal, “Subwavelength resolution using evanescent waves,” Pure Appl. Opt. 7, 1143–
1149 (1998).
[26] R. S. Sirohi, “Speckle metrology: Some newer techniques and applications,” in International
Trends in Optics and Photonics: ICO IV , edited by Toshimitsu Asakura (Springer Berlin
Heidelberg, Berlin, Heidelberg, 1999) pp. 318–327.
[27] J David Briers, “Laser doppler, speckle and related techniques for blood perfusion mapping
and imaging,” Physiological Measurement 22, R35–R66 (2001).
[28] Rodney Loudon, The Quantum Theory of Light, 3rd ed. (Oxford University Press, 2001).
[29] Tomohiro Shirai, “Chapter 1 – modern aspects of intensity interferometry with classical light,”
Progress in Optics 62, 1–72 (Elsevier, 2017).
[30] Yonghua Zhao, Zhongping Chen, Zhihua Ding, Hongwu Ren, and J. Stuart Nelson, “Real-time
phase-resolved functional optical coherence tomography by use of optical hilbert transforma-
tion,” Opt. Lett. 27, 98–100 (2002).
[31] R. Hanbury Brown and R. Q. Twiss, “Correlation between photons in two coherent beams of
light,” Nature 177, 27–29 (1956).
[32] R. Hanbury Brown and R. Q. Twiss, “A test of a new type of stellar interferometer on sirius,”
Nature 178, 1046–1048 (1956).
[33] Joseph W. Goodman, Statistical Optics (John Wiley & Sons, New York, 1985).
[34] Emil Wolf, “Solution of the phase problem in the theory of structure determination of crystals
26
from x-ray diffraction experiments,” Phys. Rev. Lett. 103, 075501 (2009).
[35] C. Thiel, T. Bastin, J. Martin, E. Solano, J. von Zanthier, and G. S. Agarwal, “Quantum
imaging with incoherent photons,” Phys. Rev. Lett. 99, 133603 (2007).
[36] S. Oppel, T. Bu¨ttner, P. Kok, and J. von Zanthier, “Superresolving multiphoton interferences
with independent light sources,” Phys. Rev. Lett. 109, 233603 (2012).
[37] Anton Classen, Felix Waldmann, Sebastian Giebel, Raimund Schneider, Daniel Bhatti,
Thomas Mehringer, and Joachim von Zanthier, “Superresolving imaging of arbitrary one-
dimensional arrays of thermal light sources using multiphoton interference,” Phys. Rev. Lett.
117, 253601 (2016).
[38] Raimund Schneider, Thomas Mehringer, Giuseppe Mercurio, Lukas Wenthaus, Anton Classen,
Guenter Brenner, Oleg Gorobtsov, Adrian Benz, Lars Bocklage, Sergey Lazarev, and et al.,
“Quantum imaging with incoherently scattered light from a free-electron laser,” Nat. Phys.
14, 126 – 129 (2018).
[39] Anton Classen, Kartik Ayyer, Henry N. Chapman, Ralf Ro¨hlsberger, and Joachim von Zan-
thier, “Incoherent diffractive imaging via intensity correlations of hard x rays,” Phys. Rev.
Lett. 119, 053401 (2017).
[40] R. Wiegner, J. von Zanthier, and G. S. Agarwal, “Quantum-interference-initiated superradi-
ant and subradiant emission from entangled atoms,” Phys. Rev. A 84, 023805 (2011).
[41] S. Oppel, R. Wiegner, G. S. Agarwal, and J. von Zanthier, “Directional superradiant emission
from statistically independent incoherent nonclassical and classical sources,” Phys. Rev. Lett.
113, 263606 (2014).
[42] R. Wiegner, S. Oppel, D. Bhatti, J. von Zanthier, and G. S. Agarwal, “Simulating superradi-
ance from higher-order-intensity-correlation measurements: Single atoms,” Phys. Rev. A 92,
033832 (2015).
[43] D. Bhatti, S. Oppel, R. Wiegner, G. S. Agarwal, and J. von Zanthier, “Simulating dicke-like
superradiance with classical light sources,” Phys. Rev. A 94, 013810 (2016).
[44] Daniel Bhatti, Raimund Schneider, Steffen Oppel, and Joachim von Zanthier, “Directional
dicke subradiance with nonclassical and classical light sources,” Phys. Rev. Lett. 120, 113603
(2018).
[45] Daniel Bhatti, Anton Classen, Stefan Oppel, Raimund Schneider, and Joachim von Zanthier,
“Generation of n00n-like interferences with two thermal light sources,” Euro. Phys. J. D 72,
27
191 (2018).
[46] Dainis Dravins, Stephan LeBohec, Hannes Jensen, and Paul D. Nunez, “Optical intensity
interferometry with the cherenkov telescope array,” Astropart. Phys. 43, 331 – 347 (2013).
[47] Vinay Malvimat, Olaf Wucknitz, and Prasenjit Saha, “Intensity interferometry with more
than two detectors?” Mon. Not. R. Astron. Soc. 437, 798–803 (2014).
[48] Gordon Baym, “The physics of hanbury brown-twiss intensity interferometry: from stars to
nuclear collisions,” Acta Phys. Pol., B 29, 1839–1884 (1998).
[49] Sandra S. Padula, “HBT interferometry: historical perspective,” Braz. J. Phys. 35, 70–99
(2005).
[50] Young L. Kim, Yang Liu, Vladimir M. Turzhitsky, Hemant K. Roy M.D., Ramesh K. Wali,
Hariharan Subramanian, Prabhakar Pradhan, and Vadim Backman, “Low-coherence en-
hanced backscattering: review of principles and applications for colon cancer screening,” J.
Biomed. Opt. 11, 041125 (2006).
[51] Ori Katz, Pierre Heidmann, Mathias Fink, and Sylvain Gigan, “Non-invasive single-shot
imaging through scattering layers and around corners via speckle correlations,” Nat. Photon.
8, 784–790 (2014).
[52] Thomas A. Smith and Yanhua Shih, “Turbulence-free double-slit interferometer,” Phys. Rev.
Lett. 120, 063606 (2018).
[53] K Muhammed Shafi, Deepak Pandey, Buti Suryabrahmam, B S Girish, and Hema Ramachan-
dran, “Time-delayed intensity–interferometry of the emission from ultracold atoms in a steady-
state magneto-optical trap,” J. Phys. B 49, 025301 (2015).
[54] Ugo Fano, “Quantum theory of interference effects in the mixing of light from phase-
independent sources,” Am. J. Phys. 29, 539–545 (1961).
[55] Jianbin Liu and Yanhua Shih, “nth-order coherence of thermal light,” Phys. Rev. A 79, 023819
(2009).
[56] C. Skornia, J. von Zanthier, G. S. Agarwal, E. Werner, and H. Walther, “Nonclassical inter-
ference effects in the radiation from coherently driven uncorrelated atoms,” Phys. Rev. A 64,
063801 (2001).
[57] C. Skornia, J. von Zanthier, G. S. Agarwal, E. Werner, and H. Walther, “Monitoring the
dipole-dipole interaction via quantum jumps of individual atoms,” Phys. Rev. A 64, 053803
(2001).
28
[58] G. S. Agarwal, J. von Zanthier, C. Skornia, and H. Walther, “Intensity-intensity correlations
as a probe of interferences under conditions of noninterference in the intensity,” Phys. Rev. A
65, 053826 (2002).
[59] D. V. Strekalov, A. V. Sergienko, D. N. Klyshko, and Y. H. Shih, “Observation of two-photon
“ghost” interference and diffraction,” Phys. Rev. Lett. 74, 3600–3603 (1995).
[60] T. B. Pittman, Y. H. Shih, D. V. Strekalov, and A. V. Sergienko, “Optical imaging by means
of two-photon quantum entanglement,” Phys. Rev. A 52, R3429–R3432 (1995).
[61] Baris I. Erkmen and Jeffrey H. Shapiro, “Ghost imaging: from quantum to classical to com-
putational,” Adv. Opt. Photon. 2, 405–450 (2010).
[62] Jing Cheng and Shensheng Han, “Incoherent coincidence imaging and its applicability in x-ray
diffraction,” Phys. Rev. Lett. 92, 093903 (2004).
[63] Alejandra Valencia, Giuliano Scarcelli, Milena D’Angelo, and Yanhua Shih, “Two-photon
imaging with thermal light,” Phys. Rev. Lett. 94, 063601 (2005).
[64] Alessandra Gatti, Enrico Brambilla, and Luigi Lugiato, “Chapter 5 – quantum imaging,”
Progress in Optics 51, 251–348 (Elsevier, 2008).
[65] Miles J. Padgett and Robert W. Boyd, “An introduction to ghost imaging: quantum and
classical,” Philos. Trans. Royal Soc. A 375, 20160233 (2017).
[66] Daniele Pelliccia, Alexander Rack, Mario Scheel, Valentina Cantelli, and David M. Paganin,
“Experimental x-ray ghost imaging,” Phys. Rev. Lett. 117, 113902 (2016).
[67] Hong Yu, Ronghua Lu, Shensheng Han, Honglan Xie, Guohao Du, Tiqiao Xiao, and Daming
Zhu, “Fourier-transform ghost imaging with hard x rays,” Phys. Rev. Lett. 117, 113901 (2016).
[68] Erwan Baleine and Aristide Dogariu, “Variable-coherence tomography for inverse scattering
problems,” J. Opt. Soc. Am. A 21, 1917–1923 (2004).
[69] Erwan Baleine and Aristide Dogariu, “Variable coherence tomography,” Opt. Lett. 29, 1233–
1235 (2004).
[70] Erwan Baleine, Aristide Dogariu, and Girish S. Agarwal, “Correlated imaging with shaped
spatially partially coherent light,” Opt. Lett. 31, 2124–2126 (2006).
[71] Joo-Eon Oh, Young-Wook Cho, Giuliano Scarcelli, and Yoon-Ho Kim, “Sub-rayleigh imaging
via speckle illumination,” Opt. Lett. 38, 682–684 (2013).
[72] Fu Li, Charles Altuzarra, Tian Li, M.O. Scully, and G.S. Agarwal, “Beyond sub-rayleigh
imaging via high order correlation of speckle illumination,” arXiv:1904.01695 (2019).
29
[73] David A Boas and Andrew K Dunn, “Laser speckle contrast imaging in biomedical optics,”
J. Biomed. Opt. 15, 011109 (2010).
[74] Mitchell A Davis, Louis Gagnon, David A Boas, and Andrew K Dunn, “Sensitivity of laser
speckle contrast imaging to flow perturbations in the cortex,” Biomed. Opt. Express 7, 759–
775 (2016).
[75] J David Briers and Sian Webster, “Laser speckle contrast analysis (LASCA): a nonscanning,
full-field technique for monitoring capillary blood flow,” J. Biomed. Opt. 1, 174–180 (1996).
[76] AmirHessam Aminfar, Nami Davoodzadeh, Guillermo Aguilar, and Marko Princevac, “Ap-
plication of optical flow algorithms to laser speckle imaging,” Microvasc. Res. 122, 52 – 59
(2019).
[77] Ru Zhang, Lipei Song, Jiachun Xu, Xiaoying An, Weiming Sun, Xing Zhao, Zhen Zhou, and
Lingling Chen, “Laser speckle imaging for blood flow based on pixel resolved zero-padding
auto-correlation coefficient distribution,” Opt. Commun. 439, 38 – 46 (2019).
[78] MinKwan Kim, ChungHyun Park, Christophe Rodriguez, YongKeun Park, and Yong-Hoon
Cho, “Superresolution imaging with optical fluctuation using speckle patterns illumination,”
Sci. Rep. 5, 16525 (2015).
[79] T. Dertinger, R. Colyer, G. Iyer, S. Weiss, and J. Enderlein, “Fast, background-free, 3D super-
resolution optical fluctuation imaging (SOFI),” Proc. Natl. Acad. Sci. USA 106, 22287–22292
(2009).
[80] Osip Schwartz, Jonathan M. Levitt, Ron Tenne, Stella Itzhakov, Zvicka Deutsch, and Dan
Oron, “Superresolution microscopy with quantum emitters,” Nano Lett. 13, 5832 (2013).
[81] M. G. L. Gustafsson, “Surpassing the lateral resolution limit by a factor of two using structured
illumination microscopy,” J. Microsc. 198, 82–87 (2000).
[82] Rainer Heintzmann and Christoph G. Cremer, “Laterally modulated excitation microscopy:
improvement of resolution by using a diffraction grating,” Proc.SPIE 3568, 3568 (1999).
[83] Florian Stro¨hl and Clemens F. Kaminski, “Frontiers in structured illumination microscopy,”
Optica 3, 667–677 (2016).
[84] Mats G. L. Gustafsson, “Nonlinear structured-illumination microscopy: Wide-field fluores-
cence imaging with theoretically unlimited resolution,” Proc. Natl. Acad. Sci. USA 102,
13081–13086 (2005).
[85] Anton Classen, Joachim von Zanthier, and Girish S. Agarwal, “Analysis of super-resolution
30
via 3D structured illumination intensity correlation microscopy,” Opt. Express 26, 27492–
27503 (2018).
[86] Joseph L. Ponsetto, Anna Bezryadina, Feifei Wei, Keisuke Onishi, Hao Shen, Eric Huang,
Lorenzo Ferrari, Qian Ma, Yimin Zou, and Zhaowei Liu, “Experimental demonstration of
localized plasmonic structured illumination microscopy,” ACS Nano 11, 5344–5350 (2017).
[87] Anton Classen, Joachim von Zanthier, Marlan O. Scully, and Girish S. Agarwal, “Super-
resolution via structured illumination quantum correlation microscopy,” Optica 4, 580–587
(2017).
[88] Mats G. L. Gustafsson, Lin Shao, Peter M. Carlton, C. J. Rachel Wang, Inna N. Golubovskaya,
W. Zacheus Cande, David A. Agard, and John W. Sedat, “Three-dimensional resolution
doubling in wide-field fluorescence microscopy by structured illumination,” Biophys. J. 94,
4957 – 4970 (2008).
[89] Lin Shao, Berith Isaac, Satoru Uzawa, David A. Agard, John W. Sedat, and Mats G.L.
Gustafsson, “I5s: Wide-field light microscopy with 100-nm-scale resolution in three dimen-
sions,” Biophys. J. 94, 4971–4983 (2008).
[90] Stefan W. Hell, Ernst H. K. Stelzer, Steffen Lindek, and Christoph Cremer, “Confocal mi-
croscopy with an increased detection aperture: type-b 4pi confocal microscopy,” Opt. Lett.
19, 222–224 (1994).
[91] Mats G. Gustafsson, Agard D. A., and J. W. Sedat, “I5m: 3d widefield light microscopy with
better than 100 nm axial resolution,” J. Microsc. 195, 10–16 (1999).
[92] Xiaodong Zeng, M. Al-Amri, and M. Suhail Zubairy, “Nanometer-scale microscopy via
graphene plasmons,” Phys. Rev. B 90, 235418 (2014).
[93] Ron Tenne, Uri Rossman, Batel Rephael, Yonatan Israel, Alexander Krupinski-Ptaszek, Radek
Lapkiewicz, Yaron Silberberg, and Dan Oron, “Super-resolution enhancement by quantum
image scanning microscopy,” Nat. Photonics 13, 116–122 (2019).
31
